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F o A. Slobodkina 

The question of shock stability in a pe r fec t -gas  channel flow was examined in [1] in the one- 
dimensional approximation under var ious  assumptions:  the dis turbances are not ref lected 
f rom the channel exit section, weak shock, etc. The resu l t s  were found to coincide for two 
specific fo rms  of the boundary conditions at the channel exit, f rom which it was concluded 
that the shock was not sensit ive to the exit boundary condition. In [2] the question of shock 
stability was studied numerical ly  in relat ion to a conducting-gas flow in a flat channel of 
constant c ross  section in the presence  of a magnetic field (zero e lec t r ic  field intensity). It 
was established that the shock stability is significantly affected by the fo rm of the conduc- 
tivity law. A condition for the limiting reg ime between the stable and unstable regions was 
also given for  flow with a shock wave. It Was assumed that the p res su re  in the channel exit 
section is given. In this paper the effect of the exit boundary condition on shock stability in 
gasdynamic and magnetogasdynamic flows is demonstrated for small  magnetic Reynolds num- 
bers .  Stability c r i t e r i a  are obtained for shocks near  the channel exit for a specific exit con- 
dition. The influence of e lect romagnet ic  effects (conductivity law, e lectr ic  load factor) on 
shock stability is investigated. 

i. Wewill  consider  inthe quasi one-dimensional  approximation the nonstat ionary flow of a per fec t  in- 
viscid nonheat-conducting gas with e lect r ical  conductivity a= o (p, p) in a flat channel of a rb i t r a ry  c ros s  
section y(x) in the p resence  of an e lect romagnet ic  field. The flow veloci ty direct ion coincides with the : 
direct ion of the x axis. The upper and lower walls of the channel are  conductors at s potential difference 
2~  the external magnetic field of intensity B(x) is directed perpendicular  to the plane containing the x axis 
and the genera tors  of the channel walls. 

Assuming that the magnetic Reynolds numbers  are  small ,  we write the equations of continuity, motion, 
and energy 

Op y - ~ -  + ~ (ptt y) = o 

0u 0K ap ( ~i) 
p-~--{- pu ~ = --  ~ -  -- aB u B - - - -  

Op Op 

(1.1) 

Here p is density, u velocity,  p gas p r e s su re ,  and ~ the rat io of specific heats. In (1.1) we have used 
the equation of state for a per fec t  gas. 

Let sys tem (1.1) have a cer ta in  s ta t ionary p= R(x), u = U(x), and p = P(x), containing a shock wave (in 
the given case a normal  shock). The var iables  on either side of the shock are  related by the express ions  

p- (5 - u-) = p* (5 -- u § 

p-u- (5 - u-) - -  p -  = p§ + (~ ~ u § - -  p+ 

x p- -- - ~ p+ (8--u*)~ 
. - ~  p- +(~ 2" ) ~ = ~ - l - T  -[ 2 

(1.2) 

Moscow. Transla ted  f rom Zhurnal Prikladnoi  Mekhaniki i Tekhnicheskoi Fiziki,  Vol. 11, No. 1, pp. 
16-23, J anua ry -Feb rua ry ,  1970. Original ar t ic le  submitted July 20, 1969. 

�9 1972 Consultants Bureau, a division of Plenum Publishing Corporation, 227 West 17th Street, New York, 
N. Y. 10011. All rights reserved. This article cannot be reproduced for any purpose whatsoever without 
permission of the publisher. A copy of this article is available from the publisher for $15.00. 

14 



The superscr ip t s  "+" and "-"  re la te  to the p a r a m e t e r s  behind and in front of the shock, respectively;  
5 is the shock velocity.  

We assume that the supersonic flow preceding the shock wave is undisturbed, with given p a r a m e t e r s  
Ua, Ra, Pa at the channel inlet (x =Xa). At the channel outlet at x =x b the boundary condition must be spe- 
cified. We write this condition in the form 

Ou �9 Ou . = 0  ( z = z b ) ,  
~ u, p, p,-ff-~ . . . . .  o-7-'" �9 (1.3) 

Here ~b is a known function of its arguments .  Condition (1.3) determines  the location x = x e of the shockwave 
in the channel. In par t icu lar ,  this condition may express  the requi rement  of equal p r e s s u r e s  in the channel 
exit section and in the medium into which the flow expands: 

Pb ~ Pc~ �9 

For a sonic exit velocity condition (1.3) has the form 

P b % ~ l U P b = i ,  

We assume that the subsonic par t  of the s tat ionary solution between the shock wave and the channel 
exit section is disturbed. We denote the nonstat ionary velocity,  density, and p r e s s u r e  increments  by u* (x, 
t), p* (x, t), p* (x, t), respect ively .  Assuming that the s t a r red  quantities are  small and, moreover ,  that their 
ra te  of growth is determined by the factor exp ;~t [3], we find the solution of sys tem (1.1) l inearized with 
respec t  to u*, p*, p* in the form 

p* (x , t )  = p(x)  e ~'t, u* (x , t )  = u (x) e ~'t p* ( x , , t ) - ~ p  (x) e~'to 

Here we have retained the same notation for the velocity,  density, and p r e s s u r e  as in (1.1), since 
sys tem (1.1) will not be employed in what follows. 

In o rder  to determine p (x), u(x), p(x) we obtain a sys tem of linear ord inary  differential equations with 
coefficients depending on the pa rame te r  k and the coordinate x (through the s tat ionary solution U(x), R(x), 
P (x)) 

[ ( u y ) ' / y  + ;~]p + u e ,  + u(Ry)' / y + Ru'  = 0 
UU" + Bua;~p -k  ( R U '  -k  (~B ~ -k  )~) h Jr- R U u '  Jr- Ba(~pp q-  p" = 0 

--(z -- t)cr ~- [P' ~- ~ p y '  / y - -  2(~ - -  1 ) ~  Ba]  u -k  ~ P u '  

+ [~(gy) '  / y - -  (u - -  t ) ~ z p  + M p + Up" = o .  
(1.4) 

Here ~ = UB-~0/y,  ap, Crp are  the corresponding par t ia l  derivat ives.  A pr ime denotes the derivative 
with r e spec t  to x. 

We obtain the boundary conditions for sys tem (1.4) by l inearizing the jump equations (1.2) and condi- 
tion (1.3) 

p~Ua "4- Rzu~ - -  D ( R 2  - -  R1) = 0 

p f U 2  ~ -4- 2R~Ufuz  + p~ --- ~RzUf(U2  - -  U1)g' / g q- ~ B(~2cr - -  al~zl) (1.5) 
u [ p~ P2 \ - -  

• - -  i ~-ff( - -  ~ 92) t -  U~u2 - -  D (U2 - -  U1) ---- ~ - , ~  (I/) ( a Z • 2  - -  ~i~l) 

a*(7,) p b §  b*(i)ub + c*(~,)pb = 0 ~ ( i .6 )  

Here @ = ~a/yBU2, ~ is a pa r ame te r  proport ional  to the displacement  of the shock wave; D is a quantity 
given by the express ion 5 = Dekt; a*]  (~) = 3 @ / O p ,  b* Ok) = 0@/3u, e* (~) =3@/SO at x = Xb; the subscr ipts  1 and 
2 re la te  to the p a r a m e t e r s  ahead of and behind the shock. In obtaining relat ions (1.5) we employed the equa- 
tions of the s tat ionary solution 

U' • y" n - -  i 
U - -  R U a ( i - - M  ~) - - y ( i - - M ~ )  ' ~ = U B - - ~ c p / y  

P ' - ~ - - R U U ' - - ~ B c t ,  R ' / R ~ - - U ' / U - - y ' ] y ,  M ~ R U f / •  

and also took into account the fact that the shock moves. 
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Fig.  1 

The solut ion of s y s t e m  (1.4) depends l i nea r ly  on the t h r e e  cons tan t s  c ~, c 2, c a, whose  equat ions  a r e  
obtained by subst i tu t ing the solut ion of s y s t e m  (1.4) in boundary  condi t ions  (1.5) and (1.6), which mus t  be 
supp lemented  by the obvious  equat ion 

D(~) = ~E (1.7) 

The equat ions  fo r  f inding ~, c l, C 2, c ~ and D cons t i tu te  a s y s t e m  of f ive l inear  homogeneous  a lgebra ic  
equat ions  with a non t r iv ia l  solut ion only at those  va lues  of ~ that  make  the de t e rminan t  of the s y s t e m  vanish .  
The r o o t s  of the de t e rm i na n t  having pos i t i ve  r e a l  p a r t s  give so lu t ions  tha t  i n c r e a s e  without  bound, which 
indicates  the ins tabi l i ty  of the c o r r e s p o n d i n g  s t a t i ona ry  solut ion.  

In o r d e r  to solve the shock-s tab i l i ty  p r o b l e m ,  it is suff ic ient  to find f r o m  Eqs .  (1.5) and (1.6) the d e -  
pendence  of the shock  ve loc i ty  on ~ and to f ind the value  of X f r o m  Eq. (1.7). 

2. We a s s u m e  that  boundary  condi t ion (1.6) is sa t i s f ied  so c lose  to the shock  that  t h e r e  is no s igni f i -  
cant  change in the solut ion on the in te rven ing  d is tance .  In this  case  the effect  of d i f fe ren t  boundary  condi -  
t ions  on shock  s tabi l i ty  can be quite  s imp ly  d e m o n s t r a t e d .  

With th is  a s s u m p t i o n  Eq. (1.6) has  the f o r m  

We in t roduce  the notat ion 

a*(g,)p2 + b*(~,), u~ + c*(g,) P2 = 0 (2.1) 

z = R 1 / R 2 =  U2/U1,  ~ = ~ l / g ~ ;  K = B ( g 2 ~ 2 - - o l a l ) / R ~  
= (~U~B ~ / _It 2 [O(E - -  l) - ~ i ,  E/2], a(~,) = R2a*(~,), b(~) ----- U~b*(~,), 

c(~,) = B2U2~c*(~) / =  t + (~ - -  t ) M ~  ~ / • ~, M s = R U  ~ / ~ p  

A s s u m i n g  tha t  the solut ion be tween the shock  and the channel  exit  sec t ion  is equal  to p (x) = P2, u(x) = u2, 
p(x) = P2, f r o m  (1.5) and (2.1) we find 

D ( ~ ) = ~ I  u--~-U~ 2(z--l)  y' ~ _ 
[ •  - 1 -~ y [ a  ( ~ )  - -  b (~) -[- /c  (~)] -~. (~--z~-- l O) [ a  (~) 

n M1 ~ -~ 1 
, [ ~-~----~-z- LM1 2M1 'z ( 2 . 2 )  

Subst i tut ing (2.2) in (1.7), we find the  va lues  of X. 

We wil l  examine  s e v e r a l  d i f fe ren t  c a s e s .  

Case  1. We a s s u m e  that  t h e r e  is no e l e c t r o m a g n e t i c  f ield,  i .e . ,  tha t  the flow is p u r e l y  g a s d y n a m i c .  
In this  c a s e  e x p r e s s i o n  (2.2) t akes  the f o r m  

y" a ( ~ ) -  b (~) + / c  (~) 
D (L) = - -  u U~'~[~ y 2a (k) --  (~1~--~ ~) ~ 2-Mr z c (k) ~ (2.3) 

It  fo l lows f r o m  (2.3) tha t  if a(~) and c~k) a r e  of the s a m e  sign,  and the sign of b(X) is oppos i te  to tha t  
of c(k) at  any l > 0, then the gas at  the channel  exit  does  pos i t i ve  work  (u2p z >0), s ince  u 2 = - c , / b P 2 - a / b P 2  
and the p e r t u r b a t i o n s  u 2 and P2 a r e  of the s a m e  sign. In th is  c a s e  the sign of  D(X) and hence  that  of ~. (1.7) 
is d e t e r m i n e d  by the co fae to r  y ' / y ,  At  y '  > 0, i .e . ,  in the expanding p a r t  of the channel ,  the shock is s table;  
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Fig.  2 

at  y '  < 0 in the con t r ac t i ng  p a r t  of the channel  the shock  is uns tab le .  
This  r e s u l t  a l so  appl ies  when only the p r e s s u r e  (c(k) ~ 0), dens i ty  
Ca(h) 30)  or  ve loc i ty  (b(h) s 0 )  is f ixed at the exit.  On this  bas i s  it 
was  concluded in [1] that  the shock  is indif ferent  to the boundary  
condi t ion on the  r ight .  

However ,  if condi t ion (2.1) is such that  the coef f ic ien ts  b(X) 
and c ~ )  a r e  of the s a m e  sign (let a(~ =0) ,  i .e. ,  pos i t ive  work  is 
done on the gas ,  then,  as  is ea s i ly  seen f r o m  (2.3), anything is 
poss ib l e ,  depending on the behav io r  of the r a t i o  b(k)/c(h) .  F o r  
example ,  let  the quant i ty  b(~.)/c~) i n c r e a s e  monoton ica l ly  with 

i n c r e a s e  in h.  Then,  if at  k = 0 the n u m e r a t o r  and denomina to r  of D(k) a r e  pos i t ive  (Fig. la)  or  the n u m e r -  
a to r  is pos i t ive  and the denomina to r  negat ive  (Fig. lb) ,  then in the expanding channel  (y' > 0) the shock  is 
uns tab le ,  while at  y '  < 0 iLt iS s table .  If, however ,  at ~ = 0 the n u m e r a t o r  and denomina to r  a r e  negat ive ,  then 
the shock  is s table  at y '  > 0 and uns tab le  at y '  < 0 (Fig. l c ) .  

In Fig.  l a ,  b, c we have g r a ph i c a l l y  r e p r e s e n t e d  the r e s u l t  of subs t i tu t ing  (2.3) with a (~) = 0 and sign 
b (k) = sign c(X) in Eq. (1.7). The sol id  l ines  give D(~.) at y '  > 0, the dashed  l ines  D(X) at y '  <0. The in t e r -  
sec t ion  of the cu rve  ~ = D ~) and the s t r a igh t  l ine ~ = ~h at X > 0 (in Fig.  1 a c i r c l e  has been drawn a round  
these  points)  g ives  an idea of the condi t ions  under  which the shock  is uns table .  

Case  2. Le t  the e l e c t r o m a g n e t i c  f ield be given.  In o r d e r  to d e m o s t r a t e  the influence of e l e c t r o m a g -  
ne t ic  e f fec ts ,  we a s s u m e  that  the  p r e s s u r e  is given at the exit.  Then the denomina to r  in (2.2) is pos i t ive  
and equal  to 2U23R2(1-z) / (~ t -1)  z. The s ign of D(~.) and hence  ~. is d e t e r m i n e d  by the siffn of the n u m e r a t o r  
of D{h). Fo r  s tabi l i ty  the condi t ion 

y' 

m u s t  be sa t i s f ied .  

F o r  a flow with cons tan t  e l e c t r i c a l  conduct iv i ty  (~= const), the quant i ty  K = ~B2U2R2 -~ ( 1 - 1 / z )  <0 and 
the s tabi l i ty  condi t ion take the s imple  f o r m  

r  ~ - i / ( u - - 1 ) M . ~  2] I -~  yzB ~ ] .  (2.5) 

It fo l lows,  in p a r t i c u l a r ,  f r o m  (2.5) tha t  at  cr =cons t  in the p o w e r - g e n e r a t i n g  r e g i m e  (4, > 1) in a s t r a igh t  
o r  expanding channel  the shock wave is s table .  The t e r m  with y ' / y  on the r igh t  s ide of inequal i ty  (2.5) shows 
that  with expans ion  of the channel  (y' > 0) the r ange  of 4, on which the shock  is s table  i n c r e a s e s ,  w h e r e a s  
with con t r ac t i on  of the channel  it d e c r e a s e s .  As  the m a g n e t o g a s d y n a m i c  in te rac t ion  p a r a m e t e r  (N = a B 2 y /  
R2U2) i n c r e a s e s ,  the t e r m  conta in ing  y ' / y  d e c r e a s e s  as  c o m p a r e d  with uni ty,  and at  l a r g e  va lues  of N this  
t e r m  can be neg lec ted .  

T h e r e  a r e  two poss ib i l i t i e s  c o r r e s p o n d i n g  to the case  a ~ const :  ~t/a2 <1,  i .e. ,  behind the shock  the 
conduct iv i ty  i n c r e a s e s ;  cq/a2>l  , i .e. ,  behind the shock  the conduct iv i ty  fa l l s .  

At ~ ~ cons t  the shock s tabi l i ty  condi t ion t akes  the f o r m  

o ~ O ) ~ ( o  t at Y . < I  

O <  m i n ( ~ l ,  (o~), O ~ m a x  (0) 1 , 0) 2 ) at E ~ , 1  

~,~ = { ( i  - -  E) ( i  + 1 / (x - -  l )  M2 2) + t - -  Z / z ~ { [ ( l  - -  E) (t-}-  t ] ( ~ . - - i )  

XM~ ) - - ( t - -E /z ) ]  - ~ 4 ( i - - Z ) ( l - - z ) ( i + l / ( x - - l ) M 2  1 ~ }  }X [2(i--El] -1 

(2.6) 

In a s t r a igh t  channel  o r  at  l a rge  va lues  of the p a r a m e t e r  N, when the t e r m  with y '  can be neg lec ted ,  
condi t ion (2.6) t akes  a s i m p l e r  f o r m .  In this  c a s e  ~o 1 = 1 + 1 / ( r t - 1 )  M2 2, off = ( 1 - Z / z )  ( l - Z )  -1. The r e g i o n s  
of  ins tabi l i ty  for  v a r i o u s  va lues  of Z at y '  = 0 a r e  r e p r e s e n t e d  s c h e m a t i c a l l y  in Fig .  2a,  b. The r eg io n s  of 
ins tabi l i ty  a r e  shaded.  The sol id  l ines  r e p r e s e n t  4, =w 1, 4, = w 2. The r a t io  z = U2/U 1 is f ixed.  It is c l e a r  
f r o m  Fig.  2 that  the shocks  a r e  s table  for  any Z at 1 < 4, < a~ t (Fig. 2a) or  at  1 < 4, < 1 /z  (Fig. 2b) depending 
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on the r e l a t ionsh ip  between the number s  tz 1 and 1 /z .  As Z - - 1 ,  as may be seen f rom Fig.  2, the reg ion  of 
s tab i l i ty  with r e s p e c t  to �9 is d e t e r m i n e d  in accordance  with (2.5). At y '  >0 the r eg ion  of s tab i l i ty  with 
r e s p e c t  to 4~ expands,  while at y '  < 0 the reg ion  of s tab i l i ty  d imin i shes .  

We p r e s e n t  ce r t a in  n u m e r i c a l  examples  of ~1, ~2 for  va r ious  laws a = a(p ,  p), y '  = 0 and va r ious  shock 
in tens i t i e s .  

iStability criterion 
u MI" ~x/z~ from (2.6) 

For ~ ~ P / R  

t.2 1.5 0.92 O~ 0<8.396 
iO 0 . 5 0 8  0~0<30.76 

100 0.092 0.091<0<55.64 

s/a 1.5 0.82 0 ~ 0 < 3 . t 6 9  
t0 0 . 2 5  0 .3<0<6 .65  

10O 0.03~ 0.9  < �9 < 8.299 

For z ~ ( P / R p  

, . 2  o.s6 o ~ o <  8.396 
I00 0 . 0 0 8 4  0.92<0<55.64 

5/3 1.5 0.67 0.31 <0<3 .169  
I0 0 . 0 6 3  0 .86<0<6.65  

too 0:00o96 0.99<0<8.299 

t.2 

5/8 

For ~ ~ P-'/* exp ( P / R )  

t.5 t . i5 O >8.396, �9 <4.31 
5 t.45 �9 > 20.69, 0<9 .49  

iO0 0 . 0 0 0 5  0.99<0<55.64 

1 .5  1 . 0 2 4  0>15.21, 0<3.169 
io 0.t7 0.55<0<6.65 

100 0 t < 0 < 8 . 2 9 9  

It is c l e a r  f r o m  these  da ta  that  the dependence of the e l e c t r i c a l  conduct ivi ty on the flow p a r a m e t e r s  
has an impor tan t  effect  on the shock s tab i l i ty .  Thus,  at  cr = const  in the power  genera t ing  r e g i m e  the shock 
wave is s tab le  at a l l  r ensur ing  that  r e g i m e ,  while a t  a ~ T  2 it is s table  only on a smal l  in te rva l  of v a r i a -  
t ion of ~. This  was p r e v i o u s l y  obse rved  in [4]. 

We wil l  now show how the s t ab i l i ty  of a shock wave in a magnetogasdynamic  flow is affected by a change 
in the boundary condit ions at  the channel exit .  Let  not the p r e s s u r e ,  a s  a s s u m e d  in obtaining c r i t e r i a  (2.5), 
(2.6), but the ve loc i ty  or  densi ty ,  be given at  the exi t .  In th is  case  in (2.5), (2.6) the t e r m  (1 + 1 /  (~-1)M22) 
must  eve rywhere  be r e p l a c e d  by n / ( n - 1 ) .  

We now a s s u m e  that  boundary condit ion (2.1) does not contain the densi ty ,  i .e . ,  a(X) =0. F o r  s impl i c i ty ,  
le t  a =  const  and y ' =  0. Then, if the coeff ic ients  b(X) and c(~) a r e  opposi te  in sign, i .e . ,  the gas at  the exi t  
does pos i t ive  work,  then the s t ab i l i ty  c r i t e r i o n  has the fo rm 

~r ' b (L) - -  [ c~(L) (2.7) 

It is c l e a r  f rom a c o m p a r i s o n  of (2.7) and (2.5) that  he re  the l imi t  of s t ab i l i ty  with r e s p e c t  to �9 has 
changed with the boundary condit ion,  w h e r e a s  for  a gasdynamic  flow at u2P 2 >-0 the c r i t e r i o n  was p r e s e r v e d .  

If, however ,  the coeff ic ients  biX) and c(~) a r e  of the same sign, then the re  may be a ve ry  impor tan t  
change in the s t ab i l i ty  c r i t e r i o n  depending on the behavior  of b(k) and c(k). As with the gasdynamic  flow, 
the inves t iga t ion  may be c a r r i e d  out g raph ica l ly .  

3. The p reced ing  inves t iga t ion  is va l id  for  shocks v e r y  c lose  to the exi t  sec t ion.  In o r d e r  to expla in  
the effect  of the flow behind the shock on its s t ab i l i ty  we r e p r e s e n t  the solut ion of Eqs.  (l.4) behind the shock 
in the f o r m  of a s e r i e s  in Ax (Ax is a coord ina te  r eckoned  f r o m  the undis tu rbed  pos i t ion  of the shock wave). 
In the inves t iga t ion  we wil l  confine o u r s e l v e s  to t e r m s  of the o r d e r  of Ax, which give an idea of the na ture  of 
th is  effect .  
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We w r i t e  the so lu t ion  of s y s t e m  of equa t ions  (1.4) in the f o r m  

u =  u~+ u2'Ax, p = p ~ +  p ~ ' A x ,  p = p ~ + p z ' A x 4  

F o r  s i m p l i c i t y  we wil l  c o n s i d e r  only one bounda ry  condi t ion  a t  the exi t  Pb =0. 
adopted we have 

Pb ~ P ~  -~ p~ 'Ax  = 0 ,  

In th i s  case  the e x p r e s s i o n  for  D(k) t akes  the f o r m  

L~ the a p p r o x i m a t i o n  

(3./) 

L L ~ + La ~- + L ~ TGUP - -  R2UP ka"%, ~" -r" ,,~ z v~ ". 

C ~ 2 ~ ( t - - z )  r a~ F y' ~, 
- - ~ :  ( ~ - ~  l'+~_--z--~.~L~-+~+ ~ R~Uz ~ R~U~ ~ 

(z -- i) t " t ,-- O]'K 
L ~ = ~ U r  [ l +  l y' (z - - i )  Mz ~ ~- +L 1 " ~ ( •  M~ ~ 

L~=-- ~ ~ - - M ~  u r  ~ y + ~ - - - i -~ -  L ~ - ~ - - - i - ~ 4  
(3.2) 

( u -  i) g~ z y 
j-(• l) Mp -J- • + l --(I>] 

+ (~ + M~)~ L ~---6J~) 

L 4 z 2 M 2 ~ ( I + • 1 6 2  ~ h ~ ( z - ~ i )  y' •  M r  [. t_+_LM~ - - 0 ]  

_ ~ -~+K k__~-~ 

'h = U~B + (• - -  1) Mz~a~, F.~ ~ UzB -{- (2u -- 1) Mzect2 

•  t 2MI'~M~-} - M12 + t 
G 1 - - - -  l - -  Mz z ' GZ--  2M1 z 

•  , z 
G8= 2Mx ~ ( l - M z  z) [(2• MI~Mr ~ + M 1  z - l ]  

G 4 = M]-2 ..-}- ]~, 
2Ma2 . 

We wi l l  aga in  c o n s i d e r  s e v e r a l  c a s e s .  

Case  1. Let  t h e r e  be no e l e c t r o m a g n e t i c  f ie ld .  

I -~- (~ - -  t )  M z  2 y '  
D (L) ~ -- U~ 2M.~ ~ Y 

The e x p r e s s i o n  for  D(X) takes  the f o r m  

1 - -  O~Axy ' / y + O~AxL / U~ 
t - -  03Axy ' / y t -  04AxL / U~ (3.3) 

O1 = • 1 6 2  (• M2 ~] 02= • -}- i + (x -- I) M2 ~ 
[ I  -{- (• - -  l )  M ~  ~ ] ( l  - -  M2~) ~ ' ~ ( l  - -  M 2  ~) 

08 _ _  I + ~Mz 4 04 = (M12 + 1) (2M12) -1 -}- M2 ~ 
(1 - -  M ~ )  ~ ' i - -  M ~  ~ 

All  the coe f f i c i en t s  01,2,~, 4 in  (3.3) a re  pos i t ive .  At AX = 0 we obta in  (2.3) with a = b = 0 and c ~ 0. When 
Ax ~ 0 the d e n o m i n a t o r  of (3.3) con ta ins  the d i f f e r ence  1--03Axy' /y,  which at  Mach n u m b e r s  c lose  to uni ty  
and y '  > 0 may  b e c o m e  nega t ive  in view of the fac t  that  0 3 ~ (1--M22)2 i n c r e a s e s  wi thout  bound as M 2 -~ 1, 
which invo lves  a change in  the s ign  of D(X),  s ince  01 < 0 3, and he nc e  in the s ign  of h .  Thus ,  weak  shocks  
may  be u n s t a b l e  in the expanding  pa r t  of the channe l  unde r  b o u n d a r y  condi t ion  (3.1). It should be noted that  
in  v iew of the s m a l l n e s s  of AX the t e r m  1 -  02Axy'/y i nd i c a t e s  only how D (h) tends  to behave  when  the so-  
lu t ion  of s y s t e m  (1.4) is  t aken  into account  with the above a c c u r a c y .  To i m p r o v e  the a o c u r a c y  it  is  n e c e s -  
s a r y  to take into account  the t e r m s  ~ (Ax) 2, e tc .  

,/ At y '  < 0 the t e r m s  con ta in ing  y y in the d e n o m i n a t o r  and n u m e r a t o r  of e x p r e s s i o n  (3.3) a r e  pos i t i ve  
and t h e r e f o r e  cannot  affect  the s ign  of h. 
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C a s e  2. We a s s u m e  tha t  the  e l e c t r o m a g n e t i c  f i e l d  is  g i v e n , y ,  = 0, and  a = cons t .  Then  

D (k) -~ --  (• --  1) U2N [• / (n --  1) ] - -  O] q- A x N  (1 --  M.P)-~Z s (O) (3.4) 
2 i -~- A z N  (1 --  M~)-IZ~ (O) 

w h e r e  N=crB2/R2U2, and )/2 (~) and • (~) a r e  p o l y n o m i a l s  of the  s e c o n d  and t h i r d  d e g r e e s ,  r e s p e c t i v e l y ,  in 
�9 , whose  c o e f f i c i e n t s  a r e  func t ions  of n ,M22, and k and can  be ob t a ined  f r o m  (3.2). An i n v e s t i g a t i o n  h a s  
shown tha t  a t  s m a l l  k and l a r g e  v a l u e s  of the  p a r a m e t e r  N the  d e n o m i n a t o r  of e x p r e s s i o n  (3.4) m a y  b e c o m e  
n e g a t i v e ,  which  l e a d s  to a change  in the  s i gn  of D (k) and k.  

U n s t a b l e  r e g i m e s  o c c u r  s o o n e s t  of a l l ,  i . e . ,  a t  the  l e a s t  v a l u e s  of A x ,  n e a r  

O ~ (I)* ----- 
(2u 4 1 )  [(u -~ 1) M ~ M 2 2  --I-- M 2  ~ - -  t] 

( ~  1) [(2~ -}- 1) M P M ~  "~ -.[- M~ ~ Jr- M1 '~ - -  t] 

when the  cond i t ion  ~ / ( n - 1 ) f - ~  >0 is s a t i s f i e d .  

We p r e s e n t  c e r t a i n  v a l u e s  of A x N .  

Ml ~ ]x / (• -- l) q~ * AXN 

�9 1.2 t . t  6.498 3.35 0.002 
t .5 8.39 2.89 0.046 

5/s t .  1 2.65 t.  77 0.002 
t .5 2.95 i .58 0.038 

2.0 t .t 2.t0 1.45 0.001 
1.5 2.43 1.32 0.026 

j 

At v a l u e s  of AxN g r e a t e r  t han  t h o s e  p r e s e n t e d  the  r e g i o n  of i n s t a b i l i t y  in the  n e i g h b o r h o o d  of 4~ * 
i n c r e a s e s .  

We note  tha t  t h e r e ,  too ,  the  t e r m  con ta in ing  Ax in the  d e n o m i n a t o r  of e x p r e s s i o n  (3.4) i n d i c a t e s  on ly  
how D(k) t e n d s  to b e h a v e  when the  f low beh ind  the shock  is t a k e n  into accoun t .  

In c o n c l u s i o n ,  we note  tha t  i t  would  be i n t e r e s t i n g  to i n v e s t i g a t e  the  s p e c i f i c  f o r m  of the  b o u n d a r y  
cond i t ion  a t  the  channe l  ex i t  in s o m e  f low s t u d i e d  in the  o n e - d i m e n s i o n a l  a p p r o x i m a t i o n .  

The  au thor  is  g r a t e f u l  to A. G. K u l i k o v s k i i  fo r  d i s c u s s i n g  his  work .  
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